Appendix |
Field Equations in a Stratified Medium

The electromagnetic field vectors for the homogeneous medium are
obtained from the vector calculus operations on the scalar potentials given in
Eq. (5.2-7). To show that these expressions actually yield a vector field that
satisfies Maxwell’s equations, we take the curl and divergence of these forms.
For example, for the transverse electric (TE) case, we have Eqg = ikuV x["11r]

and Hpg =V xVx["IIr]. Taking the curl of Epz evidently satisfies
Eq. (5.2-2a). Also, V- Hyg =0, which satisfies Eq. (5.2-2d). Also, V- Eg =0;
therefore, Eq. (5.2-2¢) is satisfied. Finally, taking the curl of Hyg,
VxHp =Vx(Vx(V x["IIr])), one may use the identities VxVxA =
V(V-A)-V?A and VZ(Vx@r)) =V x (VZ(yr)) = —-r x V(V*) and apply the
Helmholtz equation in Eq. (5.2-6) to obtain Eq. (5.2-2b). By symmetry
arguments, Maxwell’s equations also hold for the transverse magnetic (TM)
case where Epy =V x V x[*IIr] and Hpyy = —ikeV x[°TIr].

For the stratified medium with n = n(r), the electromagnetic vector field
can be derived from scalar potentials that are solutions to a modified Helmholtz
equation. As discussed in Section 5.2, the scalar potentials for the stratified
medium have some degree of freedom in their definition. The electromagnetic
field vectors for the case where n=n(r) can be expressed through vector
calculus operations on a vector version for the modified scalar potentials,

[eHsl/zr] and [mH‘ul/Zr]. The field vectors are given by

E=¢'VxV x[eﬂsl/zr]+ikV x[mﬂul/zr]
(I-1)
H= M_IV><Vx[mHul/zr]—ika[eﬂel/zr]
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The factors &/ and u” % have been inserted into the potential terms in

Eq. (I-1) to simplify the resulting modified Helmholtz equation that each of the
scalar potentials must satisfy. These are given by

V(I + k%72, °TI =0 12
V2(MID) + k232, M1 =0
where the modified indices of refraction are given by
P rel”? i(Li(_l \)
e k*n* dr\r? dar\¢'?)
1-3)
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In the electrodynamics literature, the TE and TM waves are generated from
linearly independent solutions to the Helmholtz equation. In Eq. (I-1), the term

ikV x[mHu” 2r] generates the electric field Erg, which is perpendicular to r,
that is, a transverse electric field; this wave is known in the literature as the TE
wave. Similarly, the term —ika[eHSI/ 2r] generates a transverse magnetic
field Hy,,, or the TM wave. The converse polarization holds for the field

vectors generated from the curl operations on the [eHg” 2r] term.

If one forms the curl and divergence of E and H as defined by Eq. (I-1),
one can show that these scalar potentials do indeed generate fields that satisfy
Maxwell’s equations in Eq. (5.2-2) when &€ =¢(r) and u = u(r). For the TE
case, we have Eqp= ika[mHullzr] and Hypg = M'IVxVx[mHMmr].
Taking the curl of Eqg evidently satisfies Eq. (5.2-2a). Also, V‘(HHTE) =0,
which satisfies Eq. (5.2-2d). Noting that V-E;z=0, we have
V+(¢E1g )= Ve Eqg, which is zero because Ve is radial directed; therefore,
Eq. (5.2-2c) is satisfied. Finally, for the case where VxHpg =
V x ([,L_IV xV x[mHMI/zr]), one may use the identities VxVxA-=
V(V-A)-V?A and VZ(Vx@r))=Vx(V2@r)=-rxV(V?p) and apply
Eq. (I-2) to obtain Eq. (5.2-2b). By symmetry, the same proof applies to the TM
case.
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