Appendix A
Tilted Small Perturbation Model Details

Consider a tilted surface element as shown in Fig. A-1. The plane of incidence
is the (x,z) plane. The coordinate system in which the radar measures the

scattering coefficients is the (h,v, k) system and is described by

hoKxZ_ g . (A1)
kxZz

\7:-_Ah XAk =—CcosOX +sinh?2
hxk

We shall refer to the radar coordinate system as the global coordinate system
and the tilted coordinate system as the local coordinate system. The local and
global incidence angles are defined as

cosg =—k -3 . (A2)
and
cosf=-K-7. (A.3)

We define the local coordinate system such that the local z-axis coincides with
the local normal vector of the tilted surface. Let « denote the tilt angle in the
range direction; that is, in the x—z plane. We define positive values of « as
those that tilt the surface towards the radar. Similarly, let g denote the tilt in
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Fig. A-1. Scattering geometry for a tilted surface. The surface is tilted by an angle ¢ in the
range (or cross-track) direction and by an angle gin the azimuth( or along-track) direction.
The radar measures the scattering coefficients in the global coordinate system, whereas
scattering models predict the scattering coefficients in the local coordinate system.

the azimuth direction; that is, in the y—z plane. We define positive values of
£ as those that tilt the surface in a clockwise direction. The local normal to the
surface can then be written as

A _ tana%+tan 9 +2 _hX+hyy+2

| = > > = — (A4)
\/tan a+tan® g +1 \/1+hx+hy

with h, and hy the slopes in the x and y directions, respectively. Therefore, the
z -axis unit vector in the local coordinate system is

5 hyX+hyy +2 (A5)
| =—F7——. .
1+ hf + h;
Using Eqg. (A.5) in Eg. (A.2), we find the local incidence angle as
cosf) :hxsmo9+cos(9. (A6)

N hf +h)2,



Tilted Small Perturbation Model Details 295

The radar coordinates expressed in the local coordinate system are needed to
calculate the scattering cross-section in the global coordinate system. The
scattering matrix in the local coordinate system is calculated assuming

ﬁ| =—l2><2|/‘|2><2|‘
PR (A7)
9 =—hy xk /|y xk|
From Eq. (A.1) and Eq. (A.5) we find that
. —hycos@%x—(sin@—h, cosd)y + h, sin 6z
- ( xC0s0) +hysin 2. (A8)
\/h§+(sin¢9—hxcos€)2
Using Eqg. (A.8) and Eq. (A.1) in Eq. (A.7), we find
cosd(h, cos@ —sin@)x+h,y —sind(h, cosd —sinH)z

\/h§ +(sind—h, cosﬁ)2

Note that in the absence of tilts, Eq. (A.9) and Eq. (A.8) reduce to Eq. (A.1).

The scattering matrix in the local coordinate system is defined in these
coordinates. We can now calculate the relationship between the scattering
matrix measured in the local coordinates, which is usually what is predicted by
models, and the one measured in the global coordinates as seen by the radar.

Note that for the purpose of calculating the scattering cross-sections in the
global coordinate system, we do not need to know the exact expressions for the

local (x, : y|,z|) coordinates; they were already taken into account during the
modeling process when the scattering model was originally formulated. All we
need to do here is to transform from the local (hy,vj,k) coordinate system to

the global (h,v,k) system. Let E! be the electric field transmitted by the radar.
Then

E'=ELh+E U=E} h +E} V. (A.10)
From this, it follows that
Ert]|=Etﬁ|=Ert](F]F]|)+E\B(VF]|) (All)

and
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Eq =E"-0 =B (A9 )+ B} (V-9)). (A.12)
Thus, we can write

El =[T]E", (A.13)

ARy 0-h
Tl=| .~ . _ | (A.14)
h-vi vy
Similarly,
and
Ey=Ef -0 =&} (9-hy)+EV(T-T)). (A.16)

Thus, we can write the transformation from the local to the global coordinates
as

E'=[T]E, (A.17)
where the ~ character means transpose.

Now we are ready to derive an expression for the scattering matrix in the global
coordinate system. First, we transform the electric field transmitted by the radar
into the local coordinate system. This is defined by Eq. (A.13) and Eq. (A.14)
above. Next, the scattered electric field in the local coordinate system is given

by
E°=[Si(a)]E =[Si(a)][T]E". (A.18)

The addition of the local angle of incidence to the local scattering matrix is a
reminder that the appropriate angle of incidence should be calculated using
Eg. (A.6). After transforming this scattered electric field to the global
coordinate system, we find

E*=[T]|E*=[T][si(a)][TIE". (A.19)

Therefore, the scattering matrices in the global and local coordinate systems are
related by



Tilted Small Perturbation Model Details 297

[s(o)]=[T][si(&)]T]. (A.20)

To understand the effect of this transformation, we now need explicit
expressions for the elements of the transformation matrix. These are

1 u hy )
T|=—F/—— © u=sin@—h,cosd. A.21
[7] W[‘“y UJ : (A21)

These expressions show that the scattering matrix in the global coordinate
system is related to the one in the local coordinate system through a rotation
angle that is a function of three parameters: the azimuth slope hy of the pixel,

the range slope h, of the pixel, and the angle of incidence & for the pixel. This
rotation angle is

h

tangp = . (A.22)
u
We can write Eg. (A.21) as
CoS sin
[T] =( > (/’j . (A.23)
—sing cosg

To be really useful in our studies, we need to know how the covariance matrix
in the global coordinate system is related to the one in the local coordinate
system. This can be derived as follows. First, we note that we can write

Shih
S =[V2sp, |=[Q]S) (A.24)

SW
with

1+c0s2p —/2sin2p 1-cos2¢p
[Q]:% J2sin2p  2cos2p  —/2sin2p |. (A.25)
1-cos2p +/2sin2p  1+C0s2¢

The covariance matrix is defined as

[5]=55"=[QIsSI[Q] =[Ql=i][Q): (A26)
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This expression allows us to calculate the covariance matrix in the global
coordinate system once we know the covariance matrix in the local coordinate
system.
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